Abstract-The advent of smart grids and active distribution networks has boosted the relevance of reliability in the operation and planning of distribution systems. As is customary, reliability is assessed analytically through several standard indices. Unfortunately, analytical reliability assessment relies on simulation, thereby requiring the use of inexact heuristic-or metaheuristic-based solution methods to operate and plan distribution systems when economic and reliability criteria are jointly considered. In order to overcome this shortcoming, this paper presents a new optimization-based approach to compute the standard network-dependent reliability indices that are widely used in reliability-constrained distribution optimization models. As a major salient feature over the conventional simulationbased method, reliability indices are equivalently determined by an efficient approach based on linear programming, where the network topology is explicitly represented by decision variables of the optimization process. The proposed approach has been tested on several benchmarks including a 1080-node system. Numerical simulations show that the proposed approach yields the same results as the conventional algorithm. Moreover, the moderate computational effort is suitable for the subsequent integration of the proposed equivalent formulation in reliabilityconstrained optimization models for distribution operation and planning. Such successful numerical experience backs the potential of the proposed formulation to enable the use of sound techniques different from the available heuristics and metaheuristics to solve reliability-constrained operational and planning optimization models for distribution systems.
Sets

B
Index set of the load levels used to represent the loading condition. ϒ Set of branches.
i Index set of nodes connected to node i.
LN
Index set of load nodes.
N
Index set of system nodes.
RP ij
Index set of nodes affected by a repair-andswitching interruption due to a fault in the branch connecting nodes i and j.
SS
Index set of substation nodes.
SW ij
Index set of nodes affected by a switchingonly interruption due to a fault in the branch connecting nodes i and j.
Parameters
ASAI
Average system availability index.
CID s
Customer interruption duration at node s.
CIF s
Customer interruption frequency at node s. D CB Duration of the switching-only interruptions associated with the failure of the branch connecting nodes i and j.
Variables f ijs
Variable used to represent the power flow through the branch connecting nodes i and j of the fictitious system under the operating condition corresponding to node s. g SS is Power injection at substation node i of the fictitious system under the operating condition corresponding to node s.
I. INTRODUCTION
R
ELIABILITY is defined as the ability of a power system to continuously meet the electricity needs of end users with the required quantity and quality [1] . Reliability in distribution systems is fundamental since, as reported in [2] , more than 80% of all customer interruptions are due to failures at this level. Moreover, the new context where smart grids come into play has drastically changed the traditional passive role of distribution networks, leading to the paradigm of active distribution networks. Therefore, an adequate consideration of reliability in distribution system operation and planning is essential.
According to [2] - [8] , several indices are available to quantitatively measure system reliability such as customer interruption frequency (CIF), customer interruption duration (CID), system average interruption frequency index (SAIFI), system average interruption duration index (SAIDI), average system availability index (ASAI), and expected energy not supplied (EENS). A relevant and practical technique to calculate such indices is the analytical predictive method [1] , [2] , [7] , [9] . For a given network topology, the analytical method quantifies the impact of a pre-specified set of events on service continuity through the simulation of component outages, one at a time. To that end, two pieces of information are used to compute standard reliability indices, namely failure rates and interruption durations.
The simulation-based nature and the topology dependence of the analytical reliability assessment have motivated the use of approximate methods to explicitly incorporate the computation of reliability indices in operational and planning models where topology decisions are outcomes of the optimization process. A widely-used method relies on metaheuristics to iteratively handle a population of candidate topologies [10] , [11] . For each candidate topology, the conventional simulationbased algorithm is run. Hence, the impact of reliability on topology decisions drives the exploration of the search space.
Unfortunately, metaheuristics are unable to identify whether global optimality has been attained. An alternative method was recently presented in [8] , wherein a pool of candidate topologies was generated through an iterative algorithm based on standard mathematical programming with no regard to reliability. Subsequently, reliability was calculated ex post in order to make informed decisions. This heuristic decouples topology decisions from reliability, thereby giving rise to an inexact approach. Therefore, new non-heuristic approaches for the incorporation of reliability in distribution operation and planning are yet to be explored.
Motivated by the lack of exact methods for reliabilityconstrained distribution optimization problems and the appealing features of linear programming, the main contribution of this paper is the formulation of a novel approach based on linear programming for the analytical reliability assessment of a distribution system. Note that linear programming provides a sound mathematical programming framework with wellknown properties in terms of convergence and solution quality. Moreover, off-the-shelf software is readily available, which is beneficial for practical implementation purposes. To the best of the authors' knowledge, this is the first attempt in the literature to use an optimization process to equivalently implement the analytical simulation-based reliability assessment. The proposed approach relies on the solution of a set of optimal power flows, one per load node, for a topologically identical fictitious system. Each optimal power flow is formulated as a linear program associated with a pre-specified operating condition. As a result, the network topology is explicitly characterized through the outcomes of the optimization. Hence, two relevant advantages are featured over the traditional algorithmic calculation of reliability: 1) the proposed model paves the way for addressing reliability-constrained operational and planning models without requiring heuristics or metaheuristics, and 2) the use of linear programming provides an effective framework for such incorporation of reliability.
The remainder of this paper is organized as follows. Section II presents the main aspects of the analytical reliability evaluation. Section III describes the proposed approach and its potencial applicability. In Section IV, numerical results from several case studies are reported and analyzed. Relevant conclusions are drawn in Section V. Finally, the Appendix provides a general formulation for the reliability-constrained distribution optimization models resulting from the application of the proposed approach for reliability assessment.
II. ANALYTICAL RELIABILITY ASSESSMENT
Distribution system reliability has been widely assessed on a yearly basis through well-known metrics such as CIF, CID, SAIFI, SAIDI, ASAI, and EENS [2] - [8] . CIF and CID account for the frequency and the duration of interruptions at each load node, respectively. SAIFI is a measure of how many sustained interruptions an average customer will experience. SAIDI is a measure of how many interruption hours an average customer will experience. ASAI is defined as the proportion of hours that the service will be available for an average customer. Finally, EENS represents the total energy that is expected to be curtailed. Next, the analytical reliability assessment typically implemented in distribution optimization models is described.
A. Reliability Indices in Distribution Optimization Models
In reliability-constrained optimization models for distribution systems [8] , [12] - [21] , the calculation of standard reliability indices relies on the knowledge of the network topology and the loading condition. Within this optimizationbased framework, the following practical assumptions are customarily adopted for the sake of tractability [8] , [12] - [21] : 1) Only sustained interruptions due to single branch outages are considered. Branch outages are characterized by failure rates and interruption durations. 2) A radially-operated distribution system is considered wherein each branch connected to a substation is equipped with a circuit breaker without a recloser at the output of the substation. Moreover, all branches are equipped with a switch that enables the isolation of the part of the system downstream of the fault in order to meet the demand of the healthy portion of the system. Thus, once a sustained fault has occurred, the first circuit breaker upstream of the fault trips, thereby curtailing all downstream load demands. Subsequently, the system topology is reconfigured by operating switches and circuit breakers to reduce the non-supplied energy. To that end, the first switch upstream of the fault is opened in order to isolate the fault. Then the circuit breaker is closed so that the supply to all load demands between the circuit breaker and the switch is restored. Finally, once the isolated fault is cleared, the corresponding switch is closed and complete service is reestablished. Load nodes are thus affected by two types of interruption: 1) repair-and-switching interruptions, for which the supply is not restored until the damage is repaired, and 2) switching-only interruptions, which are associated with the network reconfiguration implemented to clear a faulty component. Admittedly, a complete assessment of reliability should consider temporary faults, protection failures, transient disturbances, line overloading, and additional post-fault network reconfiguration to restore the service for load nodes downstream of the fault. This generalization would, however, render the problem essentially intractable through optimization. These modeling limitations notwithstanding, addressing reliability-constrained operational and planning models, albeit ignoring those practical aspects, is acceptable [8] , [12] - [21] and provides the decision maker with a first estimate of a cost-effective and reliable solution.
Under both assumptions, the impact of outages on load nodes can be quantified in a compact way in terms of the expected rate of nodal repair-and-switching interruptions, N RP s , the expected rate of nodal switching-only interruptions, N SW s , the expected duration of nodal repair-and-switching interruptions, D RP s , and the expected duration of nodal switching-only interruptions, D SW s , which are computed as:
Moreover, reliability indices can be mathematically expressed as follows: 
B. Simulation-Based Algorithm
For a given network topology, the expected rates of nodal interruptions, N RP s and N SW s , and the expected durations of nodal interruptions, D RP s and D SW s , are conventionally calculated using a simulation-based algorithm [7] where outages of system branches are analyzed one at a time. For each branch, the expected rates of repair-and-switching and switching-only interruptions of those nodes affected by a fault in such a branch are increased by the corresponding failure rate. Similarly, the expected durations of repair-and-switching and switching-only interruptions of those nodes affected by a fault in such a branch are increased by the product of the corresponding failure rate and duration. This algorithm is outlined as follows: are determined, reliability indices can be readily computed using (5)- (10).
C. Useful Remarks
The exhaustive simulation of all possible branch outages for a given radially-operated topology yields a set of relevant remarks that form the basis of the novel optimization-based approach presented in Section III.
First, the following two remarks relating nodal interruption rates and branch failure rates can be made.
Remark 1: The expected rate of repair-and-switching interruptions affecting node s, N RP s , is equal to the sum of the failure rates of the branches used to supply the demand at this node from the substation node.
Remark 2: The expected rate of switching-only interruptions affecting node s, N SW s , is equal to the sum of the failure rates of those branches in the feeder including this node that are not used to supply the load at this node from the substation node. Hence, the expected rate of switching-only interruptions affecting a node can be calculated as the difference between the total expected rate of interruptions, N T s , and the expected rate of repair-and-switching interruptions, N RP s , affecting this node. The total expected rate of interruptions affecting node s, N T s , is equal to the sum of the failure rates of all branches belonging to the feeder where node s is located, which is also the total expected rate of interruptions affecting the circuit breaker protecting that feeder, denoted by N CB ij . Note that, for the breaker located at the branch connecting nodes i and j, N CB ij is also equal to the sum over all nodes protected by this breaker of the failure rates of the branches injecting power at each node.
Additionally, two remarks associated with the expected durations of interruptions are described below.
Remark 3: The expected duration of repair-and-switching interruptions affecting node s, D RP s , is equal to the sum over the branches used to supply the demand at this node from the substation node of the products of the corresponding failure rate and repair-and-switching interruption duration.
Remark 4: The expected duration of switching-only interruptions affecting node s, D SW s , is equal to the sum over those branches in the feeder including this node that are not used to supply the load at this node from the substation node of the products of the corresponding failure rate and switching-only interruption duration. is also equal to the sum over all nodes protected by this breaker of the products of the failure rates of the branches injecting power at each node and their corresponding switching-only interruption durations. In addition,D SW s is equal to the sum of the products of the failure rates of the branches used to supply the demand at node s from the substation node and their corresponding switching-only interruption durations. 
D. Illustrative Example
The above-described analytical reliability assessment essentially consists in the calculation of the expected nodal interruption rates and durations, N RP s , N SW s , D RP s , and D SW s . Such calculation, which is typically implemented through the simulation-based algorithm described in Section II-B, is numerically illustrated with the radial system depicted in Fig. 1 . This example comprises one substation node, node 1, and five load nodes, nodes 2-6. The substation supplies two feeders with three and two branches, respectively. Branch failure rates, λ 12 The impact of all single branch outages in terms of types of nodal interruptions is shown in Table I (columns 3-7) . For expository purposes, two branch failures are analyzed in detail. Let us first consider a single fault at the branch connecting nodes 2 and 4. This fault yields the automatic tripping of circuit breaker B1 and, hence, the loads connected at nodes 2-4 are curtailed. Next, switch S3 is opened to repair the fault and circuit breaker B1 is manually closed. Therefore, during the repair time, all loads are supplied except the load at node 4. When the fault is cleared, switch S3 is closed and normal operation is reestablished. As a result, the loads at nodes 2 and 3 are affected during the switching process, the load at node 4 is affected during the repair and switching periods, and the loads at nodes 5 and 6, i.e., outside the feeder where the outage occurs, are not affected by this fault. This impact is reflected in the sixth column of Table I .
Similarly, as shown in the third column of Table I , if a fault occurs at the branch connecting nodes 1 and 2, loads at nodes 2-4 are affected during the repair and switching periods since such loads are downstream of the fault. In contrast, loads at nodes 5 and 6 are unaffected by this fault.
According to the simulation-based algorithm presented in Section II-B, the expected rates of repair-and-switching interruptions and switching-only interruptions affecting each node, which are listed in columns 8 and 9 of Table I , respectively, can be calculated adding the corresponding branch failure rates. Analogously, the expected durations of repairand-switching interruptions and switching-only interruptions affecting each node, which are listed in columns 10 and 11 of Table I , respectively, can be calculated through the summation over the corresponding out-of-service branches of the products of the associated branch failure rate and outage duration.
This example is also useful to illustrate the remarks presented in Section II-C. To that end, a representative node, namely node 4, is selected. Remarks 1 and 3, which are respectively related to N RP s and D RP s , rely on the knowledge of the branches supplying the demand at each node from the substation. As can be seen in Fig. 1 , the demand at node 4 is supplied from the substation through branches 1-2 and 2-4. Thus, according to Remark 1, the expected rate of repair-and-switching interruptions affecting node 4, N RP 4 , is equal to the sum of the failure rates of those branches, i.e., 0.5 + 0.1 = 0.6 interruptions/year. Analogously, as per Remark 3, the expected duration of repairand-switching interruptions affecting node 4, D RP 4 , is equal to the sum over those branches of the products of the corresponding failure rate and repair-and-switching interruption duration, i.e., 0.5 × 1 + 0.1 × 4 = 0.9 h/year. Remark 2 deals with N SW s . As shown in Fig. 1 , the only branch in feeder 1 that is not used to supply the demand at node 4 is branch 2-3. Therefore, based on Fig. 1 , is suitable not only for radial networks but also for practical meshed and radially-operated distribution networks, thereby paving the way for its incorporation in reliability-constrained operational and planning models. This section concludes with a discussion on the steps required for such potential applicability.
A. Step 1: Linear Program for Topology Characterization
The topological information required to compute N RP s , N SW s , D RP s , and D SW s as per Remarks 1-4 can be modeled by the outcomes of a set of optimal power flows, one per load node, for a fictitious system with the same radial topology of the original radially-operated network and with a constant power factor across the network. Each optimal power flow models the operation of the fictitious system under a loading condition characterized by one nodal demand equal to 1 pu whereas the remaining nodal demands are set at 0. For each load node s ∈ LN , the proposed optimal power flow is formulated as follows:
f ijs +f jis (11) subject to:
whereL is = 1; ∀i ∈ LN i = s 0; otherwise.
In (11)- (14), branch-related variablesf ijs and substationrelated variablesg SS is represent the fictitious system operation under the condition associated with load node s. The goal of the proposed model is the minimization of the sum of all branch-related variablesf ijs (11) subject to nodal power balance equations (12) , limits on branch-related variables (13) , and limits on substation-related variables (14) . Expressions (12) extend the distribution flow model presented in [22] for a radial network by considering two continuous variables per branch,f ijs andf jis , in order to model the direction of the fictitious power flow under each operating condition. Note that, for the condition associated with node s,f ijs is equal to 1 pu, i.e., the fictitious power flow through the branch connecting nodes i and j measured at node i, only when the fictitious power flows from i to j, being 0 otherwise. The interested reader is referred to [21] and [23] , where this twovariable-based distribution load flow model was successfully applied within a different context.
The constraint set (12)- (14) features a unimodular matrix structure (see [24, Proposition 3.2] ) and parametersL is are binary. As a consequence, continuous variablesf ijs andg SS is can only take two values, namely 0 and 1. In addition, for each branch i-j and load node s, the optimization goal (11) precludes f ijs andf jis from being simultaneously equal to 1. As an example, the application of (11)- (14) to the network depicted in Fig. 1 yields the results shown in Fig. 2 , where variablesf ijs with optimal values equal to 1 are represented only.
The solution to (11)- (14) is particularly useful for the purposes of reliability assessment of the original system. It is worth emphasizing that the optimal values for branch-related variablesf ijs allow identifying the branches that are used to supply the nodal demands from the substation node as well as the direction of the power flows for the original system. Thus, iff ijs = 1 orf jis = 1 the branch connecting nodes i and j is used in the original system to supply the demand at node s. On the other hand, iff ijs =f jis = 0 the branch connecting nodes i and j is not used to supply the demand at node s. Moreover, if f ijs = 1 the direction of the corresponding flow is from node i to node j.
In other words, the network topology is explicitly characterized by the optimal values off ijs . Moreover, the node-branch relationship described in Remarks 1-4 is readily provided as follows:
• Iff ijs +f jis = 1, node s is downstream of branch ij and would thus be affected by a repair-and-switching interruption should such a branch experience a fault. Thus, the branches i-j used to supply the demand at node s from the substation are those for whichf ijs +f jis is equal to 1. This result is useful to calculate N RP s and D RP s as per Remarks 1 and 3.
• For a branch i-j with a breaker,f ijs +f jis = 1 implies that node s belongs to the feeder protected by this breaker, whereasf ijs +f jis = 0 means that node s belongs to a is , can be derived to mathematically represent the topology of a radial network. However, such a simpler model would not be suitable for operational and planning models dealing with practical meshed and radially-operated networks supplied by more than one substation, for which the proposed tool is intended. 
B. Step 2: Calculation of Expected Nodal Interruption Rates and Durations
1) Calculation of N RP
s : As explained above, iff ijs = 1 or f jis = 1 branch i-j is used to supply the demand at node s from the substation node. Thus, as per Remark 1, branch-related variablesf ijs are useful to flag whether the outage of branch i-j yields a repair-and-switching interruption for the load at node s. Hence, the expected rate of nodal repair-and-switching interruptions can be formulated as:
For example, node 4 experiences repair-and-switching interruptions under the outages of branches 1-2 and 2-4 ( Table I) . As can be seen in Fig. 2 ,f 124 = 1 andf 244 = 1. According to (15) and the optimal solutions forf ijs shown in Fig. 2 , the expected rate of repair-and-switching interruptions for load node 4 is calculated as follows: 
2) Calculation of N SW s : According to Remark 2, for each load node, the difference between the total expected rate of interruptions and the expected rate of repair-andswitching interruptions yields the expected rate of switchingonly interruptions:
From Remark 2, the total expected rate of interruptions affecting node s, N T s , is equal to the expected rate of interruptions affecting the circuit breaker in the corresponding feeder, N CB ij . Thus, the relationship between N T s and N CB ij can be formulated as follows:
Furthermore, based on Remark 2, N CB ij is determined by the sum of the failure rates of the branches belonging to the feeder protected by the corresponding breaker. Thus, N CB ij can be expressed as follows:
where λ rs is equal to λ sr . In the outer summation of (19) , the use off ijs is intended to exclusively account for the nodes belonging to the feeder protected by the breaker under consideration. Analogously, in the inner summation, the correct branch is identified byf rss .
Using (15), (18), and (19) in (17) yields:
For illustration purposes, the above expressions for N CB ij , N T s , and N SW s are applied to the six-node system depicted in Fig. 1. From Fig. 2 , it can be observed that, under the conditions defined by nodes 2, 3, and 4, which are in the same feeder as circuit breaker B1, the variables representing the fictitious flows through the branches injecting power at such nodes, i.e.,f 122 ,f 233 , andf 244 , are all equal to 1. Similarly, the conditions associated with nodes 5 and 6, under the protection of circuit breaker B2, yieldf 155 =f 566 = 1. The particularization of (19) 
As an example, for load node 4, the total expected rate of interruptions is calculated using (18) as follows:
Hence, using the results of (16) and (23) in (17), the expected rate of switching-only interruptions for node 4 can be obtained as follows:
3) Calculation of D RP s : Based on Remark 3 and the relationship between branch outages and nodal repair-andswitching interruptions modeled by variablesf ijs , the expected duration of nodal repair-and-switching interruptions can be formulated as:
Using the optimal solutions forf ijs (Fig. 2) in (25) , the expected duration of repair-and-switching interruptions for load node 4 is calculated as follows: 
4) Calculation of D SW s :
According to Remark 4, the expected duration of nodal switching-only interruptions is given by: 
where the breaker-related duration, D
CB,SW ij
, is expressed as follows:
where τ SW rs is equal to τ SW sr . Similar to (19) , in (30) , the nodes belonging to the feeder protected by the circuit breaker under consideration are identified byf ijs whereas the use off rss accounts for the correct branch.
Hence, the desired expression of D SW s in terms off ijs is given by the use of (28)- (30) in (27):
As an example, using (28) for load node 4 yields: 
Moreover, the particularization of (30) 
Finally, from (27), the expected duration of switching-only interruptions for node 4 can be obtained as follows:
C. Potential Applicability
The ultimate goal of the proposed approach is to allow the incorporation of analytical expressions for reliability assessment in the formulation of distribution system operational and planning models, thereby enabling the application of solution methodologies different from presently used heuristics and metaheuristics. Such incorporation would require the following modifications in current optimization models: 1) extending the set of decision variables to include D RP s , D SW s ,f ijs ,g SS is , N RP s , and N SW s ; 2) extending the constraint set to include new expressions built on (12)- (15), (20) , (25) , and (31); and 3) expressing the reliability cost in terms of the newly added decision variables. Note that the minimization of the reliability cost in the resulting reliability-constrained models would preventf ijs and f jis from being simultaneously equal to 1 for each branch i-j and load node s, thereby having the same effect as (11) .
The above extension of the problem formulation would give rise to nonlinearities due to the cross products of newly added variablesf ijs in (20) and (31) . Note, however, that, given the fact that variablesf ijs are binary valued, such bilinear terms can be converted into equivalent linear expressions using well-known integer algebra results without needing additional binary variables [25] . Hence, although the incorporation of reliability requires a larger number of variables and constraints, the computational complexity would not be drastically increased. The interested reader is referred to the Appendix for a general formulation of the resulting optimization problems.
IV. NUMERICAL RESULTS
Results from several case studies are presented in this section. The proposed approach has been first applied to a 37-node test system. Additionally, in order to assess the scalability of the proposed methodology, four larger case studies including a real-life distribution system with 1080 nodes have been solved.
Simulations have been implemented on a Dell Precision M4800 laptop with an Intel Core i7-4910MQ processor at 2.9 GHz and 16 GB of RAM using CPLEX 12.6 [26] and GAMS 24.2 [27] . All case studies were solved to optimality by setting the optimality tolerance of CPLEX equal to 0.
A. 37-Node Case Study
The first benchmark is a 13.2-kV test system based on that described in [20] . As shown in Fig. 3 , the system comprises 36 load nodes, represented by circles, and 1 substation node, depicted as a square. Base power and base voltage of the system are 1 MVA and 13.2 kV, respectively. Nodal peak demands and the number of customers per node are listed in Tables II and III , respectively. The loading condition is modeled by three load levels with loading factors equal to 70%, 83%, and 100% of the corresponding peak demand, and durations equal to 2000 h/year, 5760 h/year, and 1000 h/year, respectively. Branch data are provided in Table IV Table V , which are identical to those provided by the conventional simulation-based algorithm [7] outlined in Section II-B. As can be seen in Table V , the expected rate and duration of nodal repair-and-switching interruptions generally grow as the distance to the substation increases, whereas the expected rate and duration of nodal switching-only interruptions experience, in general, the opposite result.
The results provided in Table V allow computing the standard reliability indices. Nodal reliability indices CIF and CID are listed in Table VI . From this table, two results are remarkable: 1) load nodes belonging to longer feeders feature larger customer interruption frequencies, and 2) the customer interruption duration increases with the distance to the substation. In addition, system reliability indices SAIFI and SAIDI are respectively equal to 1.81 interruptions/year 
B. Real-Sized Case Studies
The scalability of the proposed approach has been validated with four case studies comprising 85, 137, 417, and 1080 nodes, which are based on those described in [28] - [31] , respectively. For reproducibility purposes, data for the four case studies can be downloaded from [32] . Table VII summarizes the results achieved by the simulation-based algorithm and the proposed equivalent approach. As can be seen, using an optimization-based framework requires longer computing times than the simulation-based algorithm, ranging between 8.36 s for the 85-node system and 365.95 s for the 1080-node system. Notwithstanding, it is worth emphasizing that the computational effort associated with the proposed approach is moderate bearing in mind that the four test systems are realsized and that simulations have been implemented on a modest laptop. Therefore, this is a promising result for the subsequent integration of the linear-programming-based formulation in reliability-constrained optimization models for distribution systems. Table VII also reports the results for several relevant system reliability indices, which, as expected, are identical for both methodologies.
V. CONCLUSION
This paper has pushed forward the notion that simulationbased reliability assessment can be equivalently performed by an optimization-based approach relying on the solution of a set of linear programs. Numerical results show the equivalence between the proposed approach and the conventional simulation-based algorithm. Moreover, the moderate computational effort required for large-scale test systems comprising up to 1080 nodes reveals the computational effectiveness of the proposed approach.
It is worth emphasizing that the main contribution of this paper, namely the development of algebraic expressions for reliability assessment where the topology is represented through decision variables of an optimization process, will pave the way for the use of non-heuristic solution methodologies to effectively address the integration of reliability assessment in the optimization models used for the operation and planning of distribution systems. Such integration constitutes our ongoing research.
Another interesting avenue of research is the extension of the approach to consider practical modeling aspects of utmost importance within the context of active distribution networks such as distributed generation and post-fault network reconfiguration to restore the service for load nodes downstream of the fault. Based on our recent work [21] , we are currently investigating the inclusion of generation at the distribution level via modeling distributed generators as negative loads. However, we recognize that extending the model to characterize the above issues needs further research effort and numerical studies. Research will also be conducted to explicitly model the effect of temporary faults, protection failures, transient disturbances, and line overloading.
APPENDIX
The incorporation of the proposed analytical expressions for reliability assessment in the formulation of distribution optimization models can be cast in a compact way as follows: The objective function to be minimized (37) consists of two terms respectively related to the investment and operating cost and the reliability cost. The binary nature of x is imposed in (38). Conventional investment and operational constraints are modeled in (39). Finally, the relationship between x and z is formulated in (40). Note that such a relationship is built upon the newly developed expressions (12)- (15) , (20) , (25) , and (31). Thus, expressions (37) and (40) constitute the main differences between the resulting problems and current reliability-constrained distribution optimization models. As a major salient aspect, the reliability cost is explicitly expressed in terms of the newly added decision variables included in z, which, in turn, allow representing the implicit dependence of the reliability cost on the network topology. 
